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We propose a scheme for measurements of anomalous moments of creation and annihilation op-
erators requiring only one beam splitter, only one photodetector and not many measurements with
phase-shift ϕ in homodyning. This has advantageous over scheme of Shchukin and Vogel [Phys.
Rev. A 72, 043808 (2005)] which requires many photodetectors, many beam splitters and a large
number of measurements with phase-shift ϕ as a Fourier transform is calculated integrating over ϕ.
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I. INTRODUCTION
Classical theory is inadequate for explanation of prop-
erties of states, for which the weight function in diagonal
representation [1] is not non-negative or becomes more
singular than a delta function and hence cannot inter-
preted as a probability distribution. Antibunching [2],
sub-Poissonian photon statistics [3] and various kinds of
squeezing [4] are some of the nonclassical features of op-
tical fields. Earlier, study of such nonclassical effects was
largely in academic interest [5], but after the demonstra-
tion of photon antibunching [6], sub-Poissonian photon
statistics [7] and squeezing [8], their applications in quan-
tum information processing such as quantum teleporta-
tion [9], quantum dense coding [10], quantum cryptogra-
phy [11], their importance is now well realized.
For the measurements of antibunching [6] and sub-
Poisson photon statistics [7], photon counting techniques
can be used which gives direct measurement of the inten-
sity fluctuations of a light field. Measurement of squeez-
ing is done by homodyning of squeezed light with coher-
ent light whose phase can be varied and by measuring
the fluctuations in superposed light with one or more
photodetectors, e.g., ordinary homodyne detection [12],
homodyne cross correlation [13], homodyne intensity cor-
relation [14], etc. In study of squeezing in the resonance
fluorescence from a single trapped and cooled ion based
on the observation of the photon pair correlations by ho-
modyne detection anomalous moments [14, 15] were ob-
served using weak local oscillator. Here ”weak” means
intensity of the local oscillator is of the same order
as magnitude of the fluorescence intensity, and anoma-
lous moments are expectation values containing different
numbers of annihilation and creation operators. These
anomalous moments of the fluorescence also contribute
to the non-classical behavior of the light in homodyne
detection. Prakash and Kumar [16] proposed a balanced
homodyne method for detection of fourth-order squeez-
ing. Prakash and Mishra [17] extended the proposal
of ordinary homodyning for experimental detection of
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amplitude-squared squeezing by measuring higher order
moments of number operator of mixed light with shifted
phases. They also studied higher-order sub-Poissonian
photon statistics conditions for non-classicality and dis-
cussed its use for the detection of Hong and Man-
del’s squeezing of arbitrary order. Prakash, Kumar and
Mishra reported [18] an ordinary homodyne method for
detection of second type of amplitude-squared squeezing
of Hillery. Prakash and Yadav reported recently [19] an
ordinary homodyne method for detection of amplitude
nth-power squeezing of by measuring the higher-order
factorial moments of the number operator in light ob-
tained by homodyning with coherent light with shifted
phases.
Since the diagonal coherent-state representation is not
practically accessible, the nonclassicality criterion must
be reformulated in terms of observable quantities, e.g.,
normally-ordered moments. Agarwal and Tara [20] de-
scribed a quantitative criterion involving normally or-
dered moments for characterizing the nonclassical prop-
erties for states which may not exhibit squeezing or sub-
Poissonian statistics. Agarwal [21] also described non-
classical characteristics of marginals. Conditions for the
nonclassicality of quantum states in terms of moments of
the creation and annihilation operators, of two quadra-
tures, and of a quadrature and a photon number operator
have been formulated [22, 23] and necessary and suffi-
cient conditions for nonclassicality were obtained. Au-
thors showed that all required moments could be de-
termined by homodyne correlation measurements with
weak local oscillator. These methods of characterizing
non-classical effects by moments of annihilation and cre-
ation operators have been applied to the characterization
of amplitude-squared squeezing [23]. Shchukin and Vo-
gel [24] have also proposed a method based on balanced
homodyne correlation measurement for measuring gen-
eral space-time-dependent correlation functions of quan-
tized radiation fields. Also, they showed that the con-
dition for entanglement is based on moments involving
unequal powers of photon annihilation and creation op-
erators [25]. But in their proposed methods of measuring
anomalous moments, number of required beam splitters
and photo-detectors increased with the increase in the
order of moments. Also, a very large number of repeated
measurements with phase shift ϕ of the local oscillator
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2FIG. 1. Schematic diagram of detection of moments via ordi-
nary homodyning.
are necessary as evaluation of Fourier transform of a func-
tion of ϕ is involved. This motivates us to give a simpler
scheme for the measurement of anomalous moments of
creation and annihilation operators.
We present here a proposal, based on the observation
of higher order factorial moments of photon number op-
erator [19], for experimental detection of anomalous mo-
ments of creation and annihilation operators by using
the ordinary homodyne detection method. Our detection
method requires only one photodetector and only one
beam splitter, and it works without imposing any condi-
tion on coherent state and transmittance/reflectance of
the beam splitter.
II. THE DETECTION SCHEME
We propose the same detection scheme which we
proposed earlier [19] for study of amplitude nth-power
squeezing. It is shown in Fig. 1, and it brings out [26]
the conceptual meaning of quantum efficiency of the ex-
perimental detector. A beam splitter and an ideal de-
tector placed inside the dotted rectangle model a real
photodetector. A beam splitter mixes the signal repre-
sented by operator aˆ with signal bˆeiϕ obtained by shifting
by ϕ the phase of signal from a local oscillator repre-
sented by operator bˆ to give output signals cˆ and cˆ′. If
the beam splitter has transmittance T and we write as
t =
√
T and r =
√
1− T coefficients of transmission and
reflection for the amplitudes, respectively, we can write
one output signal [27] as cˆ = taˆ + rbˆeiϕ, with t and r
real. Number operator of the mixed light is then given
by Nˆc = cˆ
†cˆ = (taˆ† + rbˆ†e−iϕ)(taˆ+ rbˆeiϕ).
If a beam splitter mixes input signal cˆ and a vacuum
signal aˆv (see Fig. 1), one of the outputs dˆ given by
dˆ =
√
ηcˆ +
√
1− ηaˆv detected by an ideal detector hav-
ing 100% efficiency models [26] a realistic detector with
quantum efficiency η. In this model the detected counts,
〈dˆ†dˆ〉, are η times the incident number of photons, 〈cˆ†cˆ〉,
i.e., 〈dˆ†dˆ〉 = η〈cˆ†cˆ〉 and factorial moments of order n,
〈dˆ†ndˆn〉 = ηn〈cˆ†ncˆn〉.
For the setup under consideration, the observed facto-
rial moments of counts with phase shift ϕ is then
M (n)ϕ = η
n〈cˆ†ncˆn〉
= ηn
n∑
l,m=0
nCl
nCmt
2n−l−mrl+m
〈aˆ†n−laˆn−mbˆ†lbˆm〉ei(m−l)ϕ. (1)
If observations are done for M
(n)
ϕ e±idϕ for ϕ = kpi/n with
k = 0, 1, ..., 2n− 1 and for d such that 0 ≤ d ≤ n− 1, we
can easily find the values of observables
Rn(d) = (2nη
nt2nξd)−1eidθβ
2n−1∑
k=0
M
(n)
kpi/ne
idkpi/n
=
n−d∑
l=0
nCl
nCd+lξ
2l〈aˆ†n−d−laˆn−l〉, (2)
R′n(d) = [Rn(d)]
∗
=
n−d∑
l=0
nCl
nCd+lξ
2l〈aˆ†n−laˆn−d−l〉, (3)
where β ≡ |β|eiθβ is the complex amplitude in coher-
ent state |β〉 generated by the local oscillator, and ξ ≡
t−1r|β|. For d = n observations are done for M (n)ϕ e±inϕ
for ϕ = kpi/2n with k = 0, 1, ..., 4n− 1 and we can easily
find the values of observables
Sn =
einθβ
4n
4n−1∑
k=0
M
(n)
kpi/2ne
ikpi/2 = (ηtr|β|)n〈aˆn〉, (4)
S′n = [Sn]
∗ = (ηtr|β|)n〈aˆ†n〉. (5)
III. MEASUREMENT OF ANOMALOUS
MOMENTS
Clearly, moments 〈aˆn〉 and 〈aˆ†n〉 are obtained directly
from Eqs. (4) and (5), respectively. To achieve moments
〈aˆ†n−daˆn〉, we can solve Eq. (3) by iteration. This is done
in Appendix and gives
nCd〈aˆ†n−daˆn〉 =
n−d∑
s=0
Ks(
nCs)
2ξ2sRn−s(d), (6)
where Ks is defined by
d+sCsKs = −
s−1∑
l=0
Kl
sCl
d+sCl with K0 = 1. (7)
Adopting similar method, as shown in Appendix, we can
also solve Eq. (3) to achieve moments 〈aˆ†naˆn−d〉. Also,
this is given directly as
nCd〈aˆ†naˆn−d〉 = [nCd〈aˆ†n−daˆn〉]∗
=
n−d∑
s=0
Ks(
nCs)
2ξ2sR′n−s(d), (8)
3where Ks is defined by Eq. (7). Clearly, when d = 0 [19],
Eqs. (6) and (8) are same and give
〈aˆ†naˆn〉 =
n∑
s=0
Ks(
nCs)
2ξ2sRn−s, (9)
where Ks is obtained from Eq. (7) by putting d = 0.
For d > 0, we can obtain moments of unequal powers
of creation and annihilation operators from Eqs. (6) and
(8).
If qˆ and pˆ are quadrature operators defined by qˆ =
(aˆ†+ aˆ)/
√
2, pˆ = i(aˆ†− aˆ)/√2 and nˆ = aˆ†aˆ is the number
operator, normally ordered moments of the lth power of
these operators can be written as
〈: qˆl :〉 = 1
2l/2
l∑
m=0
lCm〈aˆ†l−maˆm〉, (10)
〈: pˆl :〉 = i
l
2l/2
l∑
m=0
(−1)mlCm〈aˆ†l−maˆm〉, (11)
〈: nˆl :〉 = 〈aˆ†laˆl〉 = 〈nˆ(l)〉. (12)
Similarly, moment of normal ordering of operators pˆkqˆl,
qˆknˆl and pˆknˆl are given by
〈: pˆkqˆl :〉 = i
k
2(k+l)/2
k∑
m1=0
(−1)m1kCm1
l∑
m2=0
lCm2〈aˆ†k+l−m1−m2 aˆm1+m2〉, (13)
〈: qˆknˆl :〉 = 1
2k/2
k∑
m=0
kCm〈aˆ†k+l−maˆl+m〉, (14)
〈: pˆknˆl :〉 = i
k
2k/2
k∑
m=0
(−1)mkCm〈aˆ†k+l−maˆl+m〉, (15)
It is clear from Eqs. (11)- (15) that normally ordered such
moments can be written in terms of moments of unequal
powers of creation and annihilation operators and their
values can be obtained by measuring anomalous moments
of annihilation and creation operators.
IV. DISCUSSION OF RESULTS
Quantum efficiency η of the detector may be found
using spontaneous parametric down conversion [28]. If
a photon of ~ω breaks to create two photons of energies
~ω1 and ~ω2 (ω1 + ω2 = ω), the latter two photons give
coincidence counts ideally. If N photons break and the
quantum efficiencies for modes ω1 and ω2 are η1 and η2
(both < 1), the experiment should register counts N1 =
η1N,N2 = η2N and coincidence counts Nc = η1η2N .
This gives η1 = Nc/N2 and η2 = Nc/N1.
In the scheme of Shchukin and Vogel, the authors ar-
ranged several beam splitters in several levels. In addi-
tion to a beam splitter at entrance of beam from local
oscillator and one used for mixing with signal there are
2r beam splitters at rth level. Hence for depth (maxi-
mum level) d the number of required beam splitters is
2d+1. Also, for depth d, 2d photodetectors are required.
For depth d, if k satisfies 2n ≥ k > 2n−1, this scheme
allows one to measure the moments for k, l = 0, 1, ..., 2d,
step by step. For obtaining values of 〈aˆk〉 and 〈aˆ†kaˆk〉,
thus, depth d = n is needed, and it requires use of
2n + 1 beam splitters and 2n photodetectors. In con-
trast, in the method proposed in the present paper, only
one beam splitter and only one photodetector is required.
The Shchukin-Vogel method proposes measurement of
correlations with several phase shifts ϕ of local oscilla-
tor. Since a Fourier transform of correlations over ϕ
is required for inferring the values of moments 〈aˆ†kaˆl〉,
a very large number of repeatition of experiments with
changed values of ϕ should be required. It may be noted
that in the method proposed in the present paper only
l(2k − l + 1) + 4(k − l) repetitions are required for mo-
ments 〈aˆ†kaˆl〉 for k > l.
Since normally ordered moments of product of pow-
ers of the two quadratures, and product of powers of
a quadrature and the photon number operator, can be
written in terms of moments of powers of creation and
annihilation operators, their values can also be obtained
by measuring moments of annihilation and creation op-
erators.
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Appendix
We can separate the 〈aˆ†n−daˆn〉 term on right hand side
of Eq. (3) and write
nCd〈aˆ†n−daˆn〉 = Rn(d)−
n−d∑
l=1
nCl
nCd+lξ
2l
〈aˆ†n−d−laˆn−l〉. (A.1)
In the first term in summation on the right hand side
we substitute for n−1Cd〈aˆ†n−d−1aˆn−1〉 the expression ob-
tained from Eq. (A.1) and this gives
nCd〈aˆ†n−daˆn〉 = Rn(d) +K1(nC1)2ξ2[Rn−1(d)
4−
n−1−d∑
m=1
n−1Cmn−1Cd+mξ2m〈aˆ†n−1−d−maˆn−1−m〉]
−
n−d∑
l=2
nCl
nCd+lξ
2l〈aˆ†n−d−laˆn−l〉 (A.2)
with d+1C1K1 = −1. This can be simplified and written
as
nCd〈aˆ†n−daˆn〉 = Rn(d) +K1(nC1)2ξ2Rn−1(d)
−
n−d∑
l=2
[1 +K1
lC1
d+lC1]
nCl
nCd+lξ
2l〈aˆ†n−d−laˆn−l〉.
(A.3)
If we again substitute the first term in summation
the expression obtained for n−2Cd〈aˆ†n−d−2aˆn−2〉 from
Eq. (A.1) and simplify, we get
nCd〈aˆ†n−daˆn〉 = Rn(d) +K1(nC1)2ξ2Rn−1(d)
+K2(
nC2)
2ξ4Rn−2(d)−
n−d∑
l=3
[1 +K1
lC1
d+lC1
+K2
lC2
d+lC2]
nCl
nCd+lξ
2l〈aˆ†n−d−laˆn−l〉 (A.4)
with d+2C2K2 = −[1 +K12C1d+2C1]. If we go on doing
similar exercises we get required Eq. (6), where Ks is
defined by Eq. (7).
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